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1. Question: Show that if zi = a + bxi for all i, then z̄ = a + bx̄. How does this relate to the fact

that the regression line passes through the point of averages?

Solution: The first part follows directly from the hint:

1
n

n∑
i=1

zi =
1
n

n∑
i=1

(a + bxi)

=
1
n

n∑
i=1

a +
1
n

n∑
i=1

bxi

= a + b
1
n

n∑
i=1

xi

= a + bx̄. (1)

Notice that yi = a + bxi + ei for all i, where a and b are the fitted intercept and slope of the

regression line and ei is the residual for unit i. Thus, generalizing (1), we have that

ȳ = a + bx̄ + ē =⇒ ȳ = a + bx̄, (2)

since the average of the residuals is zero. Moreover, ŷi = a + bxi, so ¯̂yi = a + bx̄ and thus

¯̂yi = ȳ. Therefore, the regression line passes through the point of averages.

2. Question: Show that adding a constant does not change the variance: if zi = xi + d for all i,

then

var(z) = var(x). (3)

Solution: First, since z̄ = x̄ + d (see above) and zi = xi + d,

zi − z̄ = (xi + d) − (x̄ + d) = xi − x̄. (4)
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Thus, squaring both sides, summing over all i, and dividing through by n, we have

1
n

n∑
i=1

(zi − z̄)2 =
1
n

n∑
i=1

(xi − x)2, (5)

that is, var(z) = var(x).

3. Question

(a) Let zi = cxi + d. Show that Var(z) = c2Var(x).

(b) Recall that the equation for the regression line is ŷi = a + bxi. So what is var(ŷi).

Solution:

(a) First, note that since z̄ = cx̄ + d, we have

zi − z̄ = (cxi + d) − (cx̄ + d)

= c(xi − x̄). (6)

Thus,

Var(z) =
1
n

n∑
i=1

(zi − z̄)2

=
1
n

n∑
i=1

[c(xi − x̄)]2

=
1
n

n∑
i=1

[c2x2
i − 2c2xi x̄ + c2 x̄2]

=
1
n

n∑
i=1

[c2x2
i − c2 x̄2]

= c2 1
n

n∑
i=1

[x2
i − x̄2]

= c2Var(x), (7)
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which completes the solution. In moving from the third to the fourth line of (7), we use

the fact that

1
n

n∑
i=1

2c2xi x̄ = 2c2 x̄
1
n

n∑
i=1

xi

= 2c2(x̄)2. (8)

In turn, the first line of (8) uses the fact that 2c2 x̄ does not depend on the index of

summation (so we can take this term outside the summation sign), and the second line

uses the definition of the average, 1
n

∑n
i=1 xi = x̄.

(b) Since ŷi = a + bxi for all i, the result above implies that var(ŷi) = b2var(xi).

4. Question: Let zi = aui + bvi + c for all subjects i. Show that

Var(z) = a2Var(u) + 2abCov(u, v) + b2Var(v). (9)

Solution: First, by the solution to Question 2, zi has the same variance as z′i = aui + bvi,

because the addition of the constant c does not change the variance. Thus, we must simply

show that

Var(z′) = a2Var(u) + 2abCov(u, v) + b2Var(v). (10)

Note also, by a generalization of the solution to Question 1, that z̄′ = aū + bv̄.

Now, we can write the variance as

Var(z′) = (
1
n

n∑
i=1

(z′i)
2) − (z̄)2, (11)

that is, the variance is the average of the squares minus the square of the average. (Refer to

the lecture notes or to Freedman and Lane (1981: p. 28). Then, we simply substitute for z′i
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and z̄ in equation (11) and multiply and rearrange terms to complete the solution:

Var(z′) = (
1
n

n∑
i=1

(aui + bvi)2) − (aū + bv̄)2

= (
1
n

n∑
i=1

[a2u2
i + 2abuivi + b2]) − a2ū2 − 2abūv̄ − b2v̄2

= a2(
1
n

n∑
i=1

u2
i − ū2) + 2ab(

1
n

n∑
i=1

uivi − ūv̄) + b2(
1
n

n∑
i=1

v2
i − v̄2)

= a2Var(u) + 2abCov(u, v) + b2Var(v) (12)

In the final line, we made use again of the alternate way of writing variances, and also the

alternate way of writing covariances (see the lecture notes or Freedman and Lane p. 43,

proposition 2). This completes the solution.

5. Question: Let the variable zi be xi in standard units:

zi =
(xi − x̄)

SDx
, (13)

where SDx is the standard deviation of x. Show that

z̄ ≡
1
n

n∑
i=1

zi = 0 (14)

and
1
n

n∑
i=1

(zi − z̄)2 = 1. (15)

(Note: “≡” means “defined as” or “identically equal to”).

In other words, when a variable is converted to standard units,

(a) its average is 0;

(b) its variance and standard deviation are equal to 1.
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Solution: Let zi be xi in standard units:

zi =
(xi − x̄)

SDx
(16)

(a) First, we want to prove that the average z̄ = 0. By the definition of the average,

z̄ =
1
n

n∑
i=1

zi. (17)

Then, substituting terms,

z̄ =
1
n

n∑
i=1

[
(xi − x̄)

SDx
]

=
1

SDx

1
n

n∑
i=1

[xi − x̄]

=
1

SDx
[
1
n

n∑
i=1

xi −
1
n

n∑
i=1

x̄]

=
1

SDx
[x̄ − x̄]

= 0. (18)

The second line of (18) uses the distributive law, while the third uses the associative

law and the fact that
1
n

n∑
i=1

x̄ =
nx̄
n
= x̄. (19)

Thus, when converted to standard units, a variable has average equal to 0.
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(b) Second, by the definition of variance,

Var(z) =
1
n

n∑
i=1

(zi − z̄)2

=
1
n

n∑
i=1

(zi)2 (20)

since z̄ = 0. Then, using the definition of zi, we have

Var(z) =
1
n

n∑
i=1

(
xi − x̄
SDx

)2

=
1

(SDx)2

1
n

n∑
i=1

(xi − x̄)2

=
(SDx)2

(SDx)2

= 1. (21)

The penultimate step of (21) uses the fact that Varx = (SDx)2, and the right-most term

in the second line is simply (SDx)2.

Then, since
√

Var(z) = SDz, we have also that SDz = 1.

Thus, when a variable converted to standard units, it has variance and standard devia-

tion equal to 1.

6. Hooke’s Law

Solution See Freedman and Lane (1981) for a sketch of the solutions.
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